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1 Introduction 

Hemirings [3J which provide a common generalization of rings and distributive 
lattices arise naturally in such diverse areas of mathematics as combinatorics, 
functional analysis, graph theory, automata theory, mathematical modelling 
and parallel computation systems etc. (for example, see [3J, [!])• Hemirings 
have also been proved to be an important algebraic tool in theoretical com- 
puter science, see for instance [I], for some detail and example. Ideals of 

*The research is funded by CSIR, Govt, of India. 



1 



semiring (hemiring) play a central role in the structure theory and useful for 
many purposes. However they do not in general coincide with the usual ring 
ideals and for this reason, their use is somewhat limited in trying to obtain 
analogues of ring theorems for semiring. To solve this problem, Henriksen [5], 
defined a more restricted class of ideals, which are called fc-ideals. A still more 
restricted class of ideals in hemirings are given by Iizuka [B] , which are called h- 
ideals. LaTorre [8], investigated /i-ideals and fc-ideals in hemirings in an effort 
to obtain analogues of ring theorems for hemiring. The theory of T-semiring 
was introduced by Rao [10] as a generalization of semiring. The notion of 
T-semiring theory has been enriched by the introduction of operator semirings 
of a T-semiring by Dutta and Sardar[2]. To make operator semirings effective 
in the study of T-semirings Dutta et. al. [2] established a correspondence 
between the ideals of a r-semiring S and the ideals of the operator semirings 
of S. 

The concept of fuzzy set was introduced by Zadeh[I3] and has been applied to 
many branches of mathematics. The theory of fuzzy /i-ideals in hemiring was 
introduced and studied by Jun et. al. [7], Zhan et. al. [H]. As a continuation 
of this Sardar et al[12] studied those properties in r-hemiring in terms of fuzzy 
/i-ideals. Recently Ma et. al. [9] investigated some properties of fuzzy /i-ideals 
in T-hemirings. In this paper we establish various correspondence between 
the fuzzy /i-ideals of a r-hemiring S and the fuzzy /i-ideals of the operator 
hemirings of 5*. 

2 Preliminaries 

We recall the following definition from [3J. 

A hemiring (respectively, semiring) is a non-empty set S on which opera- 
tions addition and multiplication have been defined such that (S, +) is a com- 
mutative monoid with identity 0, (S, ■) is a semigroup (respectively, monoid 
with identity Is), multiplication distributes over addition from either side, 
l s + and 0s = = sO for all s E S. 

Let S and T be two additive commutative semigroups with zero. According 
to [12], S is called a T -hemiring if there exists a mapping S x T x S — >■ S by 
(a, a, b) (->■ aab satisfying the following conditions: 

(1) (a + b)ac = aac + bac, 

(2) aa(b + c) = aab + aac, 

(3) a(a + (3)b = aab + a(3b, 

(4) aa{bf3c) = (aab)(3c, 

(5) Osaa = O5 = aaOs, 



2 



(6) aO r b = S = bO r a, 



for all a, 6, c G S and for all a, (3 G T. 

For simplification we write instead of O5 and Or- 

Let S be the set of all m x n matrices over Zq (the set of all non-positive 
integers) and V be the set of all n x m matrices over Zq. Then S forms a 
T-hemiring with usual addition and multiplication of matrices. 

Now, we recall the following definitions from [2J. 

Let S be a T-hemiring and F be the free additive commutative semigroup 
generated by S x Y. We define a relation p on F as follows: 



in 



y^X x h a i) P ^{VjiPj) if ancl only if ^Ja^a = y^jfya, 
i=i j=i i=i j=i 

for all a G 5 (m, n G Z + ). Then p is a congruence relation on F. We denote the 

m m 

congruence class containing a^) by aj. Then F/p is an additive 

i=i i=i 

commutative semigroup. Now, F/p forms a hemiring with the multiplication 
defined by 

f m \ / n \ 

,i=l / \i=l / ij 

We denote this hemiring by L and call it the left operator hemiring of the T- 
hemiring S. Dually we define the right operator hemiring R of the T-hemiring 
S. Let S be a T-hemiring and L be the left operator hemiring and R be the 

m n 

right one. If there exists an element y][e,, Sj] G L(resp. ^J[7j, /j] G i?) such 

i=i j=i 

m n 

that ^ eiSia = a (respectively, '^^d'Jjfj = 0) for all a G S, then S 1 is said to 

i=i 3=1 

m n 

have the left unity / J[e,, ^] (respectively, the ri^/it unit?/ / J[7j ; /j])- 
i=i j=i 
Throughout this paper unless otherwise mentioned for different elements 

of L (respectively, R) we take the same index say V whose range is finite that 
is from 1 to n, for some positive integer n. 

Let S be a T-hemiring, L be the left operator hemiring and R be the right 
one. If there exists an element [e, 5] G L (respectively, [7, /] G R) such that 
e5a = a (respectively, 07/ = a) for all a <E S, then 5 is said to have the 
strong left unity [e,5] (respectively, strong right unity [7,/]) [10J. 

Let S be a T-hemiring, L be the left operator hemiring and R be the right 
one. Let P C L (C _R). According to 0, we define P+ = {a G 5 : [a, T] C P} 
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(respectively, P* = {a G S : [r, a] C P}) and for Q C 5, 

Q + ' = <J2^ a ^ eL: [^([xi'tXiUS^Q 




where j ^^[^j, a$] J denotes the set of all finite sums ^^XiCtiSk-, Sk G S and 

,i=l / 

' f [oi,Xi]eR: S (^2{[ai,Xi] \ C Q 

denotes the set of all finite sums YJsfcOja^, G 5. 

A /xxzzx; subset fi of a non-empty set S 1 is a function /x : 5 — >■ [0, 1]. 

Let /x be a non-empty fuzzy subset of a T-hemiring S (i.e., /x(:r) 7^ for 
some x G S). Then /x is called a fuzzy left ideal (respectively, fuzzy right ideal) 
of S [12\ if 

(1) fi(x + y) > min[/x(x),/x(y)], 

(2) /x(x7?/) > (i(y) (respectively, n{xyy) > fi(x)), 

for all x, y G S and 7 G T. A /xxzzxy idea/ of a T-hemiring S is a non-empty 
fuzzy subset of S which is a fuzzy left ideal as well as a fuzzy right ideal of S. 
Note that if /x is a fuzzy left or right ideal of a T-hemiring S, then /x(0) > /x(x) 
for all x G S. 

A left ideal A of a T-hemiring S 1 is called a /e/t h-ideal if for any i,ze5 and 
a, b G A, 

x + a + 2; = 6-|-z =>- x e A. 

A n<?/i£ h-ideal is defined analogously. A fuzzy left ideal /x of a T-hemiring 5" 
is called a /uzzxy /e/t h-ideal if for all a, 6, x, z G S, 

x+ a + z = b + z =>■ /x(x) > min{/x(a), /x(6)}. 

A fuzzy right h-ideal is defined similarly. By a /xtzzxy h-ideal /x, we mean that 
/x is both fuzzy left and fuzzy right Tt-ideal. 

For example, let S be the additive commutative semigroup of all non- 
positive integers and T be the additive commutative semigroup of all non- 
positive even integers. Then S is a T-hemiring if 076 denotes the usual multi- 
plication of integers a, 7, b where a, b G S and 7 G T. Let /x be a fuzzy subset 
of S, defined as follows 

1 if x = 
fj,(x) = ^ 0.7 if x is even 
0.1 if a; is odd 
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The fuzzy subset /i of S is both a fuzzy ideal and a fuzzy /i-ideal of S. 

Let 5* be a T-hemiring and //2 be two fuzzy subsets of 5 . Then the sum 
\i\ © /i 2 is defined as follows: 

{sup {min{/i 1 ('u), /i 2 (f)} : u,v £ S} 
x=u+v 
if x can not be expressed as above. 

Let \i and 9 be two fuzzy subsets of a T-hemiring 5. We define generalized 
h-product of \x and # by 



fJLO h 6(x) 



sup <^ min{/i(oi), /i(cj), 0(6;), 9(di)} ■ % + ^ Oi7i&» + 2 = c *^^ + 

I 1 t=i i=i 

if x can not be expressed as above, 



where Cj, di E S and 7,, <5j G T, for z = 1, . . . , n. 

Ma et. al. [9] also defined simple /i-product by 



nT h 6(x) 



sup {min{/i(a), /i(c), 0(6), 0(d)} : x + 076 + z = c5d + z} 
if x can not be expressed as above, 



where c } d G S and 7, 5 G T. 

We now recall following two definitions from [9] 

A fuzzy left (right) /i-ideal ( of a T-hemiring S is said to be prime if £ is a 
non-constant function and for any two fuzzy left(right) /i-ideals /1 and v of S, 
/xr^i/ C ( implies /i C ( or 1/ C (. 

Similarly, we can define semiprime fuzzy /i-ideal. 

A fuzzy subset \x of a T-hemiring 5 is called /uzzy h-bi-ideal if for all 
x, y, z, a, 6 GS and a, (3 G T we have 

1. v(x + y) > min{ii(x) ,/i(y) }, 

2. /i(xay) > min{/i(x),/i(?/)}, 

3. fj,(xayj3z) > min{/i(x), 

4. x + a + z = fe + ,2 =>■ fi(x) > min{/i(a), //(&)}. 

A fuzzy subset \i of a T-hemiring S is called /uzzy h-quasi-ideal if for all 
x, y, z,a,b <E S we have 

1. fM(x + y) > win.{n(x),n(y)}, 

2- (fJ>o h xs) n (xsOhV) C /i, 

3. x + a + z = 6 + 2; =>• //(#) > min{/z(a), //(&)}■ 
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For more preliminaries of semirings (hemirings) and T-semirings we refer to 
[3] and [2], respectively. Also, for more results on fuzzy /i-ideals in T- hemirings 
we refer to [12]. Throughout this paper unless otherwise mentioned S denotes 
a T-hemiring with left unity and right unity and FLh-I(S'), FRh-I(S') and Fli- 
ps') denote respectively the set of all fuzzy left /i-ideals, the set of all fuzzy 
right /i-ideals and the set of all fuzzy /i-ideals of the T-hemiring S. Similar is 
the meaning of FLh-I(L), FLh-I(i?), FRh-I(L), FRh-I(.R), Fh-I(L), Fh-I(i?), 
where L and R are respectively the left operator and right operator hemirings 
of the T-hemiring S. Also, in this section we assume that /i(0) = 1 for a fuzzy 
left /i-ideal (respectively, fuzzy right /i-ideal, fuzzy /i-ideal) fi of a T-hemiring S. 
Similarly, we assume that //(Ol) = 1 (respectively, ^(Or) = 1) for a fuzzy left 
/i-ideal (respectively, fuzzy right /i-ideal, fuzzy /i-ideal) /i of the left operator 
hemiring (respectively, right operator hemiring R) of a T-hemiring S. 

3 Correspondence of Fuzzy /i-ideals 

Throughout this section S denotes a T-hemiring, R denotes the right operator 
hemiring and L denotes the left operator hemiring of the T-hemiring S. Now, 
we recall the following definitions from [TT] . 



Definition 3.1. Let fi be a fuzzy subset of L. We define a fuzzy subset /i + of 
Shy 

(i + (x) = inf {/i([x,7])}, 
where x G S. If a is a fuzzy subset of S, we define a fuzzy subset a + ' of L by 



a 



where 

Definition 3.2. Let 5 be a fuzzy subset of -R. We define a fuzzy subset 5* of 
Sby 

5*(x) = inf{5([ 7 ,x])}, 
where x E S. If 77 is a fuzzy subset of S, we define a fuzzy subset r/*' of i? by 



■rf {^y*i,x^\ =mf L ^ 
where 1 G i?. 



S 01 j oc 
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Lemma 3.3. If {/^ : i G 1} is a collection of fuzzy subsets of L, then 



fV=(f>.) 

ie/ Vie/ / 



Proof. It is straightforward. □ 
Proposition 3.4. If fi G Fh-I(L), then //+ G Fh-I(S). 

Proof. Let /i G Fh-I(L). Then /i(0 L ) = 1. Since for all 7 G T, [0 s ,t] is the 
zero element of L, we have /i + (0s) = inf {/i([0,s, 7])} = 1- So /i + is non empty 

and /i + (0s) = 1. Let x,y e S and a G T. Then 
^(rr + y) = inf {//([x + y, 7])} 

= inf M[z,7] + [y,7])} 

> inf {min{/x([x,7]),/x([y,7])}} 
7er 



= min <^ inf 7])} , inf {//([y, 7])} 

= min{/x+(x), 

Therefore, /x + (x + y) > min{/x + (x), /x + (y)}. Also, we have 

l_i + (xay) = mf{fi{[xay,-f])} > inf a] [y, 7])} > inf{//[y,7]} = /i + (y) 
7er 7gt 7gt 

and 

/_i + (xay) = M{n([xay,^})} = inf {//([x, a][y, 7])} >/i([x,a]) > inf {//([x, 5])} = 
7G" 7er der 

Hence, /x + is a fuzzy ideal of S. Now, suppose that x + a + z = b + z, for 
x, a,b,z G S*. Then 

//+(x) = inf{/x([x,7])} 

7er 

> inf{min{/i([a,7]),/i([6,7])}} 

7GT 



= mint inf {//([a, 7])}, inf {//([&, 7])} 
[7er 7er 

= min{/i + (a), 

Therefore, /i + is a fuzzy /i-ideal of S*. □ 

Proposition 3.5. If a G Fh-I(S) (respectively, FRh-I(,S), FLh-I(S)), then 
a + ' G Fh-I(L) (respectively, FRh-I(L), FLh-I(L)). 
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Proof. Let a G Fh-I(S). Then a(O s ) = 1. Now, we have 

<x + '([0 s , 7 ]) = mi{a(0sis)} = inf>(0 5 )} = 1, 

for all 7 G F. Therefore, a + ' is non-empty and a + ' (0 L ) = 1 as [05,7] is the 
zero element of L. Let ^^[xj, a,], ^~][yj, Pj] G L. Then 



mm 



mm 



Si [° (y w ) }^{° (e } } 



Also, we have 

a+ ' ( Y^°^Y^^ 

\ i j / 

> inf < min < cr I Y x i a iVi ) i a [Y x * a ^ 2 I ' G I E 

/ /l7' \ V \ V 

> inf < a ( > (xiOLiS) 1 > 

Similarly, we can show that 

a + ' ^[xi,a4Ybti,Pi]J >° + ' (Y»j- 



Thus, a + ' is a fuzzy ideal of L. Now, suppose that 

i i i i j 

where e*], J^[tii, aj,^^, <$»], A] G L. Then 

j i i i 

°" + ' I J^to, = in | i ° ( S XieiS ) f 

' [ [ ( \ I 

> inf < min < a I ^ J , cr 

= min <| inf <| a aiQ;iS ^ j 1 > ^ °" ^^-^ ^* 
= min ^J^K aj^ , <x + ' A] j J • 

Therefore, a + ' is a fuzzy /i-ideal of L. □ 
Similarly, we can prove the following propositions. 

Proposition 3.6. If 5 G Fh-I(i?) (respectively, FRh-I(i?), FLh-I(i?)), then 
5* G Fh-I(S) (respectively, FRh-I(S), FLh-I(S)). 

Proposition 3.7. If r) G Fh-I(S) (respectively, FRh-I(S), FLh-I(S)), then 
rf' G Fh-l(R) (respectively, FRh-I(i2), FLh-I(i?)). 

Theorem 3.8. The lattice of all fuzzy h-ideals of S and the lattice of all fuzzy 
h-ideals of L are isomorphic via the mapping a h-> a + , where a G Fh-I(S) and 
a+' G Fh-I(L). 

Proof. First, we show that (o" + ') + = (J, where a G Fh-I(S'). Let x G S. Then 
((a+') + )(x) = inf{/([, l7 ])} = mf |inf {a(x 1S )}} > inf {infM*)}} = a(x). 
So (j C (a + ') + . Now, let ^[7i, /i] be the right unity of S. Then ^^xjifi = a; 

i i 

for all x e S. We have 

<t(x) = cr ^J^7*/*^ > mm{a( y xj 1 f 1 ),a( y x-f 2 f 2 ), . . .} > inf jmf {ct(x7s)} j = (<x + ') + (:r). 



9 



Therefore, (<7+')+ C a and so (<t+') + = a. Now, let /i G Fh-I(L). Then 
((/!+)+') ^^[xi, ai] j = inf |// + |^ ariQiS j 

= jn| jmf j// f ^[a^s, 7] j J J 
= jnf jinf |/i fj^[a:i,Q!i][s,7]J J J 

( V 

= /I I ^2[xi,ai] J . 
So /i C Let y^[ej, ^] be the left unity of S. Then 

i 

>min|/i ^5Z[xj,Q!j][ei,<Ji]^ ,// ^Zfo, aj][e 2 , 62] j , - J 

Thus, (/i + ) + ' C pi and so (/i + ) + ' = pi. Therefore, the correspondence a >->■ o" + ' 
is a bijection. 

Now, let <7i,<7 2 G Fh-I(S') be such that a 1 C (j 2 . Then 
for all ] G L. Thus, cr^ C cr^~ . Similarly, we can deduce that if 

i 

Hi C /i 2 , where /ii,/U 2 G Fh-I(L). Then /i+ C //J. We show that (01 © o"2) + = 
(7+' © crj' and (<7i H (T 2 ) + ' = crj 1 "' n cr^'. 



x 
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= inf < sup < min 



= sup 



Let y~^[aj, (Xj] € L. Then 

i 

(((71 ©<X 2 )+') ^[Oi,Q!i]j 

= inf | (cti © cr 2 ) a^s^ | 

V fc j / ) i k j 

| nun | inf (l>^) } >jg{^ }}} 
= sup | min |cr+' ^X^> ^1 j > °2~' ^53^' j J 
= (of @<rt) (j^Kai] 
Thus (a i © <x 2 ) + ' = cri"' © erf ■ Again, we have 
(<7i n o- 2 ) + ' y^[aj, ccj] J = inf < (<7i D <t 2 ) I ^ aj^s J 

G r r r w mi 

= inf < min < o\ I ^ ajCijS | , a 2 I ^ J > > 
= min < inf < o\ ( OjttjS J > , inf < <t 2 I 

I sGS I \ /I s£S I \ 

k k \ i / ) \ \ 

= min|o- 1 f ' ^^[a^a^ ,af ^^[a^a^ 

So (a i fl cr 2 ) + ' = <7+' n of . Therefore, the mapping o >->■ a + ' is a lattice 
isomorphism. □ 

Similarly, we can obtain the following theorem. 

Theorem 3.9. The lattice of all fuzzy h-ideals of S and the lattice of all fuzzy 
h-ideals of R are isomorphic via the mapping a i— > a* , where a G Fh-I(S) and 
a*' E Fh-I(R). 

Corollary 3.10. FLh-I(L), FRh-I(L), FLh-I(i2) and FRh-I(i2) are complete 
lattices. 
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Proof. The corollary follows from the above theorems and the fact that FLh- 
l(S), FRh-I(S), Fh-l(S) are complete lattices [12]. □ 



Now, by routine verification the following lemmas can be obtained. 

Lemma 3.11. Let I be an /i-ideal (left /i-ideal, right /i-ideal) of a r- hemiring 
S and A/ be the characteristic function of /. Then (A/) + = X^+'y 

Lemma 3.12. Let I be an /z-ideal (left /i-ideal, right /i-ideal) of the left oper- 
ator hemiring L of a T-hemiring S and A/ be the characteristic function of /. 
Then (A/) + = A(/+). 

Lemma 3.13. Let / be an /i-ideal (left h-ideal, right /i-ideal) of a T-hemiring 
S and Xi be the characteristic function of I. Then (A/)* = X,^'y 

Lemma 3.14. Let / be an /i-ideal (left /i-ideal, right /z-ideal) of the right 
operator hemiring R of a T-hemiring 5" and Xj be the characteristic function 
of J. Then (A 7 )* = A (J *). 

Now, we revisit the following theorem which is due to Dutta and Sardar 

0- 

Theorem 3.15. The lattice of all h-ideals of S and the lattices of all h-ideals 
of L are isomorphic via the mapping I i— > I + , where I denotes an h-ideal of 
S. 

Proof. First, we show that the mapping / i— > I + ' is one-one. Let I\ and I2 
be two /i-ideals of 5" such that l\ 7^ I2. Then Xi x and A/ 2 are fuzzy /i-ideals 
of S, where A^ and A/ 2 are characteristic functions of l\ and I2, respectively. 
Evidently, A/ x 7^ A/ 2 . Then by Theorem 13. 8[ A/ x 7^ A^ . Hence by Lemma 
13.111 A,+' 7^ X r+ i whence It 7^ it ■ Consequently, the mapping / \-t I + ' is 
one-one. Now, let J be an /i-ideal of L. Then Xj is a fuzzy /i-ideal of L. By 
Proposition 13.41 and Theorem 13.81 Xj is a fuzzy /i-ideal of S. Now, by Lemma 
3.12, Xj = Xj+ and consequently, J + is an /i-ideal of 5*. Thus, the mapping is 
onto. 

Now, let Ji, I 2 be two /i-ideals of 5 such that ^ C J 2 . Then Xj ± C A/ 2 and 
by Theorem 13.81 C A^ and by Lemma 13.111 A J+ ' C A /+ ' and consequently 

It C 7^" . Thus, the mapping is inclusion preserving. Hence the theorem. □ 

Similarly, we can revisit the following theorem: 

Theorem 3.16. The lattice of all h-ideals of S and the lattice of all h-ideals 
of R are isomorphic via the mapping 1 1— > I* , where I is an h-ideal of S. 

Proposition 3.17. For any two fuzzy /i-ideals /z and v of 5*, (/iOftZ/) + = 

m + 'o h (v)+'). 



12 



Proof. Suppose that 

Si]] eL 



i \ i / j i \ i / j \ i / j \ i 

be such that 



3 



i j \ j / j \ i / j i 

= e(e^]) (e^i) +E^- 

3 \ i / j \ i / j i 



Then 

o h {v) + ) E^'^ 



= sup < mm 



= sup jmin <| inf j// ^E *"*^ j | ' jgf ^E Q7iS j 

••:{• [{X ) )}•■•;{ ) 

= inf ^sup j^min j^fi ^^^^aja^ ^ , 



" I I E Ci7iS 



= inf <j (ii,o h v) I E^ eiS ) f 
= (fio h u) + I 2_J.Xi,ei] J . 



□ 



Remark 3.18. Similarly, we can show that for any two fuzzy /i-ideals /j, and 

z/of 5, (fjr h u) + ' = fjL+'r h u + ' 
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Proof. The proof is similar to Proposition 13.171 □ 

Proposition 3.19. If ( is a prime (respectively, semiprime) fuzzy /i-ideal of S, 
then ( + (respectively, (* ) is a prime (respectively, semiprime) fuzzy /i-ideal 
of L (respectively, R). 

Proof. Suppose that ( is a prime fuzzy h-ideal of S and /i + , z/ + be fuzzy 

/ / / 

/i-ideals of L such that /i + r\z/ + C ( + . Then by using the above remark we 

obtain (/zI\i/) + C ( + which implies that [iiY^v) C (. Since £ is a prime fuzzy 

/ / / / 

/i-ideal of S, then /i C ( or ;/ C (, whence /i + C ( + or z/ + C £ + . Therefore, 
C + is a prime fuzzy /i-ideal of L. Similarly, we can prove the result for R. 
Now, for semiprime fuzzy /i-ideal the proof follows in a similar way □ 

Proposition 3.20. If ( is a prime (respectively, semiprime) fuzzy /i-ideal of L 
(respectively, R), then ( + (resp. £*) is a prime (respectively, semiprime) fuzzy 
/i-ideal of S*. 

Proof. The proof follows by routine verification. □ 

Proposition 3.21. If \x is a fuzzy /i-bi-ideal of 5", then fi + (respectively, fi* ) 
is a fuzzy /i-bi-ideal of L (respectively, R). 

Proof. Suppose that fj, is a fuzzy /i-bi-ideal of S 1 and ^J[#i, a,], /Jj/i, A], / 7i] GL. 



Then by Proposition 13.51 we obtain 



yu + ^X^^'^j + ^X^'^jl >min| / u + HQa*, ,//+ 



and 



Now, suppose that ^J[a?i, e$], /J [a*, at*], /Jfc, <5i], ^J[&i> A] £ £ are such, that 

i j i i 

i i i i i 

Since /i + is a fuzzy /i-ideal of L, we have 
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Now, we obtain 



X^> a dj ^^Alj ^X^' 7 ^ j =/i+ f^N'^l^M^ijTi] 
Similarly, 

X^ajj ^X^'^j ^X^' 7 ^JJ = ^ + ^X^' 7»] 



> 



Therefore, we obtain 

> min <( ^+ I \ e*i] 1 , ^ + I > >*, 7<] 



^[x^ailj ^]Q*i,7»A 



Hence, /x + is a fuzzy /i-bi-ideal of L. Similarly, we can prove the result for 
R. □ 

Proposition 3.22. If fi is a fuzzy /i-bi-ideal of L (respectively, R), then 
/i + (respectively, //*) is also a fuzzy /i-bi-ideal of S. 

Proposition 3.23. If fi is a fuzzy /i-quasi-ideal of 5*, then /i + (respectively, 
H* ) is a fuzzy ^i-quasi-ideal of L (respectively, i?). 

Proof. Suppose that /i is a fuzzy /i-quasi-ideal of S* and /^[^i, a,], / A], / ] [ 

i i i 

L. By Proposition 13.51 we obtain 

^ + + JZt^'Al J - min ^^^'^ j ^$^>&] 

If 

^[^i.ei] + ^[oi,a!i] + X^i,^] = J^ffej, A] + ^2[zi,5i], 

i i i i i 

for y][xj, 6i\, ^{di, aj],)^, Sj),}^, Pi] G L, then 



'f^Z^^U >min|/i + ' ,//+' f^Z^A] 
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Let xs be the characteristic function of S. Then by using Proposition 13 . 1 71 and 
Theorem 13.81 we deduce that 

\J± + o h xt )^{xt o h fi + J = {fio h xs) + n{xso h n) + = ((^Xs)n(xsOh/i)) + C /i + . 

Thus, /i + is a fuzzy h-quasi-ideal of L. Similarly, we can prove the result for 
R. □ 

Proposition 3.24. If /i is a fuzzy /i-quasi-ideal of L (respectively, R), then 
ji + (respectively, /!*) is also a fuzzy rz-quasi-ideal of S. 



4 Correspondence of Cartesian Product of Fuzzy 
/i-ideals 

Let {Si}i<zi be a family of T-hemirings. We define addition (+) and multipli- 
cation (■) on the cartesian product J^J Si as follows : 

iel 

(xi)iei + (Vi)iei = ( x i + Vi)iei, 

(xi)ieiai(yi)iei = (xiOtyijiei, 

for all (xi)i e i, {yijiei £ TT Si and for all a G T. Then J^J Si becomes a T- 

iei iel 

hemiring. 

Definition 4.1. [1] Let fi and a be two fuzzy subsets of a set X. Then the 

cartesian product of /J and a is defined by 

(p x <7)(z,y) = min{/i(x),(x(y)}, 

for all x,y G X. 

Definition 4.2. Let /i x a be the cartesian product of two fuzzy subsets /i and 
a of R. Then the corresponding cartesian product (/i x cr)* of S x 5 is defined 
by 

x <r)*(x,y) = mf {(// x a) ([a, a], [ftj/])}, 

where x,y E S. 

Definition 4.3. Let /x x cr be the cartesian product of two fuzzy subsets /i 
and a of S. Then the corresponding cartesian product (// x cr)* of x is 
defined by 

(n m \ f / n m 

^2[oii,Xi],^2\Pj,yj]j = g inf 5 |(// x cr) ^^cv^, ^Sj^yj 

n m 

where ^[a^xj, G i2. 

i=i j=i 
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Definition 4.4. Let fx x a be the cartesian product of two fuzzy subsets \x 
and a of L. Then the corresponding cartesian product (/x x a) + of S x 5 is 
defined by 

(/x x a) + (:r,?/) = inf {(/x x (t)([x,q;], [y, /?])}, 

where x,y E S. 

Definition 4.5. Let /x x cr be the cartesian product of two fuzzy subsets /x 
and a of 5. Then the corresponding cartesian product (/x x <r) + of i? x i? is 
defined by 

(n m \ f / n m 

J^fxi, aj, J^fe/j, ft] I = s inf s < (/x x a) I ^x^Si, ^VjfijSj 
i=l j=l / L \i=l j=l 

n m 

where ^fo, aj, 0j] e L. 

i=i j=i 

Proposition 4.6. Let /x,/x', z/, z/' be four fuzzy /i-ideals of S. Then 

(/x x fx')r h (v x i/') = (/xr^i/) x (fx'r h u). 

Proof. Let (x,y) E S x S be such that 

+ (a, 0)7(0', c') + (z,z) = (b,d)5(b' ,d') + (z,z), 

where a, c, a ,c , z, z', 6, d, 6', d' E S and 7, 5 e I\ Then, (x, y) + (aja , eye) + 
(z,z) — (b5b , d5d ) + (z, z ) which implies that (x + crya + z, y + cryc + z ) = 
(bSb' + z, dSd' + z). Now, we have 

(/x x ii')r h (u x v')(x,y) 

= sup {min {(/x x /x )(a, c), (/x x /x )(&, d), (z/ x z/ )(a , c ), (z/ x z/ )(6 , d )}} 

= sup {min {min {/x(a), /x (c)} , min {/x(6), /x (d)} , min {z^(a ), z/ (c )} , min {z/(6 ), z/ (d )} } } 



= mm 



sup ^ I min |/x(a), /x(6), i/(a'), f( 6 ')}} » 

sup < min < /x (c), /x (d), (c ), 1/ (d ) > > 



x+a-ya +z=b8b +z 



y+cyc +z =d5d +z 

= min {(/xr^)(x), (/i'rV/)(y)} 
= {(/xr» x (/x'r^z/')} (x,y). 

Hence, the proof is completed. □ 

Note that in this section, we prove the results for the T-hemiring S and its 
right operator hemiring R. Similar results hold for the T-hemiring S and its 
left operator hemiring L. 
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Proposition 4.7. Let /x and a be two fuzzy subsets of R (respectively, of 
L)[the right (left) operator hemiring of the r-hemiring S}. Then (/x x a)* = 
fi* x a* (respectively, (/x x <r) + = /i + x <t + ). 

Proof. Let x,y E S. Then 

(/x x <7)*(x,y) = inf {(/x x <7)([a:,2;],[/3,y])} 
a, per 

= inf {min{/i([a,a;]),a([/3,y])}} 



= min <^ inf {//([a, x])} , inf {<r([/3, x/])} 
I aei pel 

= mm{/j,*(x),a*(y)} 

= (/x* x a*)(x,y). 

Consequently, (/x x a)* = /x* x a*. Similarly, we can show that (/x x a) + = 
xx + x a + . □ 

Proposition 4.8. Let ji and a be two fuzzy subsets of S. Then (/i x a)* = 

/x* x a* and (/x x a) + = /x + x <r + . 

n m 

Proof. Let ^[a^Xj], yj] G i?. Then 

i=i j=i 



(/x xa)*' J^'^'X^'^ 



inf (/i x ff) J^s^x;, ^^fe 



Si,Sj£S 

.1=1 j=l 



m 



= « l n L | min ^5I s<Q!<a;i J ' \ Y^ s j^yj 

= min | mf j/x ^^a:^ j J , urf j^^(sjte) 

{/ n \ / m 

/ n m 



J=l j=l 

III I 

Consequently, (/j x cr)* = /x* x a* . Similarly, we can show that (/x x a) + = 

fl + ' X 0"+'. □ 

Proposition 4.9. Let /x and a be two fuzzy /i-ideal of R (respectively, L). 
Then /x* x a* (respectively, /i + x <7 + ) is a fuzzy Ax-ideal of 5 x S. 
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Proof. Since fi, a are fuzzy /i-ideals of R, by Proposition 13.6} fi*, a* are 
fuzzy h- ideals of S and by Theorem 35 of [12], we deduce that fi* x cr* is a 
fuzzy /i-ideal of S x S. In a similar way, we can prove the result for L. □ 

Proposition 4.10. Let \x and a be two prime (semiprime) fuzzy /i-ideals of R 
(respectively, of L). Then /i* x cr* (respectively, /i + x cr + ) is prime (semiprime) 
fuzzy /i-ideal of S X S. 

Proof. Suppose that [i and cr are two prime fuzzy /i-ideals of R. By Proposi- 
tion 14.91 we see that //* x cr* is a fuzzy /i-ideal of S x S 1 . In order to show that 
/i* x cr* is prime, suppose that 9,9,1],!] e Fh-I(S) such that (# x 6 1 ) 1^(77 x 77 ) C 
/i* x a* Then by Proposition 14.61 we obtain (9T h i]) x (9'T h r[) C fi*xa*. There- 
fore, (9T h i]) C /i* and (9'T h i]') C a*. Hence # C /i* or r/ C /i* and 0' C cr* or 
77' C cr*, that is, 6 1 x 6 1 ' C /i* x a* or 77 x 7/ C fi* x a*. So, /i* x a* is a prime 
fuzzy /i-ideal of 5 x S. Similarly, we can prove the result for semiprime fuzzy 
/i-ideal and the left operator hemiring L. □ 

By suitable modification of above argument we obtain the following result. 

Proposition 4.11. Let fi and a be two fuzzy /i-ideals (prime fuzzy /i-ideals, 

11 11 

semiprime fuzzy /i-ideals) of S. Then /1* x a* (respectively, /i + x a + ) is a 
fuzzy /i-ideal (respectively, prime fuzzy /i-ideals, semiprime fuzzy /i-ideals) of 
R x R (respectively, L x L). 

Theorem 4.12. Let S be a V -hemiring with unities and R be its right oper- 
ator hemiring . Then there exists an inclusion preserving bijection \x x o \ — > 
11 

yU* x cr* between the set of all cartesian product of fuzzy h-ideals (respectively, 
prime fuzzy h-ideals, semiprime fuzzy h-ideals) of S and the set of all cartesian 
product of fuzzy h-ideals (respectively, prime fuzzy h-ideals, semiprime fuzzy 
h-ideals) of R, where /i and a are fuzzy h-ideals (respectively, prime fuzzy 
h-ideals, semiprime fuzzy h-ideals) of S. 

Proof. Suppose that \x and cr are fuzzy /i-ideals of S and x,y G S. Then 

V x cr*') (x,y) = Q inf r |(/i*' x a*')([a,x},[l3,y})} 
= inf \jnm\fi* ([a,x]),o*' (\p,y\) 

a, pdX K K. 



miri \ inf | //*' ( [a , x] ) j , inf | a* ( [/?, y] ) | 



min < inf < inf {fi(siax)} > , inf < inf {cr(s 2 /3y)i 

> min{/i(x),cr(y)} 
= (/i x <r)(a;, j/). 
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Therefore, n x a C (//* x a* )*. Let [e, <5] be the strong left unity of 5. Then 
e&r = x and e5y = y, for all x,y <E S. Now, we have 

(// x (t)(x, y) = mm{/j,(x), a(y)} = mm{/j,(e5x), (r(e5y)} 



> min <^ inf <^ inf {n( Sl ax)} \ , iirM mi {a(s 2 py)} 

= min I inf {/ ([a, x]) } , inf {a* y]) } } 

= min[(/)*(x)>*')*(y)} 
= ((/)* xfc7*')*)(s,y) 

= (// x <7*')*(^y)- 

11 11 

So, x a D (fM* x (7* )*. Hence, \i x <x = (/x* x cr* )*. Now, let /i and <r be two 
fuzzy /i-ideals of i?. Then 

i=l j = l , 

(/ n m 
(/i* x a*) ^2s i a i x i ,^2s j f3 j y j 



j=i j=i 

n \ I m 



inf ^ <{ min <{ //* [ J^s^a;; J , a* '.iVj 



n 



mil1 1 ie5 i ^* ( Yl Si(XiXi j j ' ^5 Y* \^-' [ Sj 



mm 



Si€S 7 er \ t-^< \ Sj es <5er , 

t=i J ) ) V V \ j=i 



m m 



= min j inf j inf j/i ^[7, a*] J j j , urf jinf jcr ^[5, Sj]^[&, 

( f n \ / m N 

> mhJ /W Xj] , a[ Y^lPj, Vj] 



0=1 



= (/i x a) [ ^ [a*, x*],^ ) • 
=1 3=1 



Thus, we obtain (/i* x cr*)* D fj, x a. Let ^[7fe, /it] be the right unity of 5. 



fc=i 
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Then 

(n m 
i=l j=l 



= min < /i I ^[ai,^]^[7 fe ,/ fe ] ,<r %-]J^[7fc, /fe] 

I \i=l fc=l / \j=l fc=l 

> min | mf | inf j/i ^[«<, ^]JJ[7, s»] j 1 1 , ^ (inf <j a ( ^[^-, s 
>min ^Kx^ ,((7*)*' 

(n m, 
i=l j=l 
/ n n 

= (/i* X a*)*' J^'^'X^'^ 



3=1 



Hence, (//* x a*)* C /j x a. Consequently, (/i* x a*)* = fi x a. Thus, we see 
that the correspondence /i x er i — > /i* x a* is a bijection. Now, suppose that 
fJ>i, A*2, ci, o"2 are fuzzy ft,- ideals of 5 such that /ii x ui C /j 2 x (T 2 - Then 



/re rrt 

(a*i x a i* ) ( XK^]>X^''%] 



i=i j=i 

re ret 



= 1 3=1 

{/ re m 
(fx 2 x a 2 ) V.-,n ,./•,. V.s ; ; ; // ( 
\i=i ;=i 

= 8 .™j s | min j^ 2 (it< siaix ^j ,o " 2 ^x!- s ' ; ' // ' 



minjii* (^[a^Xi^j ,cr* ^2\pj,yj] 

/ n m 
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Hence, /i* x a{ C p* 2 x a\ . Therefore, \i x a i — > [i* x a* is an inclusion 
preserving bijection. Similarly, we can prove the results for prime fuzzy /i-ideals 
and semiprime fuzzy fa-ideals. □ 

Conclusion: As a continuation of this paper we will study the correspondence 
of fa-hemiregularity, /i-intra-hemiregularity etc in operator hemirings. 
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